A signed edge domination function (or SEDF) of a simple graph G
Introduction
This article considers simple and undirected graphs only. For a graph G, let V (G) and E(G) denote its vertex set and edge set respectively. For any v ∈ V (G), let E G (v) be the set of edges in G incident to v, let N G (v) be the set of vertices in G adjacent to v and [4] and has been studied by many authors, e.g., [3] , [5] , [6] [7] , [10] and [15] .
The concept of signed domination function has a generalization in hypergraphs. Let H be a hypergraph with vertex set V and edge set {E 1 , · · · , E m } and α be any real number. A function g : V → {1, −1} is called an α-dominating partition of H if g(E i ) ≥ α holds for all edges E i in H, where g(S) = v∈S g(v) for any S ⊆ V . The α-domination number of H is defined as the minimum value of g(V ) among all α-dominating partitions g of H (see [6] ). For a graph G, a signed domination function f of G is actually a 1-dominating partition of the hypergraph H with vertex set V (G) and edge set {E G (v) : v ∈ V (G)}, and γ s (G) is actually the 1-domination number of this hypergraph H.
In 2001, Xu [11] Observe that the parameter γ ′ s (G) is an extension of γ s (G), as each member f in F sed (G) is actually a signed domination function of the line graph L(G), implying that γ ′ s (G) = γ s (L(G)). The parameter γ ′ s (G) has been studied by many authors, e.g., [1, 2, 8, 11, 12, 13, 14] . The following are some known results on γ ′ s (G) for a graph G of order n and size m: (ii). ( [1] ) for any positive integer r, there exists an r-connected graph H such that
, where α ′ (G) is the size of a largest matching of G;
The most challenging and interesting problem on γ ′ s (G) may be the following conjecture proposed by Xu [12] in 2005.
Conjecture 1 ([12])
For any simple graph G of order n, γ ′ s (G) ≤ n − 1 holds.
As we know, Conjecture 1 was so far only proved for a few cases. A vertex in G is called an odd vertex (resp. even vertex) if it has an odd degree (resp. even degree) in G, and let v odd (G) (resp. v even (G)) denote the number of odd (resp. even) vertices in G. Clearly v odd (G) is even. Karami, Khodkar and Sheikholeslami [8] showed Conjecture 1 holds when v odd (G) ∈ {0, n}. In the case v odd (G) = n, Akbari, Esfandiari, Barzegary and Seddighin [2] strengthened the result to γ ′
is the size of a largest matching of G. In this paper, we prove that
On the study of upper bounds of γ ′ s (G), Xu [13] first proved that γ ′ s (G) ≤ 11n 6 − 1, and Karami, Khodkar and Sheikholeslami [8] then improved it to γ ′ s (G) ≤ ⌈3n/2⌉. In this article, we will improve it by establishing the following result.
Theorem 1 For any graph G of order n,
In Section 2, we introduce a subfamily F 0 sed (G) of F sed (G) and establish some basic results for proving the main results in the following sections. Theorem 1 (a) and (b) are proved in Section 3 and 4 respectively. By Theorem 1 (b), Conjecture 1 holds for v even (G) = 1. In Section 5, we show that Conjecture 1 holds for v even (G) = 2. In Section 6, we propose a conjecture to replace Conjecture 1, as we think there exists a member f in F 0 sed (G) with f (G) ≤ n − 1 for any graph G of order n. We also propose a conjecture for the lower bound of γ ′ s (G) when G is 2-connected.
Let G be a simple graph. For any f :
satisfying the two conditions below:
By the definition of the set F 0 sed (G), we first prove the following conclusion.
Proof. Let f be any member in F 0 sed (G) and e = v 1 v 2 ∈ E(G). By the definition of
Hence f ∈ F sed (G) and the result holds. ✷ (1) .
Let e be any edge in E(G) with f (e) = 1. We may assume that e = v 1 v 2 ∈ E(G[V 1 ]), and thus f 1 (e) = f (e) = 1. As
By (1) and the assumption that
Hence f ∈ F 0 sed (G). By the definition of f , it is obvious that
In the following, we assume that v 0 is a vertex in a 2-connected graph G with degree
(ii). If g(u 1 u 2 ) = 1, by the definition of f ,
Obviously f ∈ F 0 sed (G) in this case.
If g(u 1 u 2 ) = −1, then by the definition of f ,
For any graph G and f :
We will prove the main result in this section by applying the following result due to Karami, Khodkar, and Sheikholeslami [8] .
Proof. It is sufficient to prove for the case that G is connected. It can be verified easily that the result holds whenever n ≤ 3. Now assume that n ≥ 4 and the result holds for any graph of order less than n − 1.
If G is not 2-connected, by assumption, the result holds for each block of G, and thus by Lemma 2, it holds for G. If G is 2-connected and δ(G) = 2, then the result also holds by assumption and Lemma 3.
If v odd (G) = 0, then the result follows from Theorem 2. In the following, we assume that
be the set of odd vertices in G and G ′ be the graph obtained from G by adding a new vertex w and 2k new edges joining w to all vertices in U . Clearly, v odd (G ′ ) = 0 and
holds. Thus, we have the following conclusion.
, the following conclusion holds.
Thus, the following conclusions follows from Claims 1 and 3. Let v be any vertex in V (G). As δ(G)
, v is incident with some edge e ∈ E(G) with g(e) = −1. Thus, there exists a subset E 1 of E(G) with g(e) = −1 for all e ∈ E 1 such that each v ∈ A ∪ B is incident with some edge in E 1 . Let E 1 be a minimal one of such sets and thus |E 1 | ≤ |A| + |B|.
Let f : E(G) → {+1, −1} be the function defined by f (e) = +1 for all e ∈ E 1 and f (e) = g(e) for all e ∈ E(G) − E 1 . It can be verified easily that f ∈ F 0 sed (G) holds by the following facts:
By the definition of f and Claim 4, we have
Thus, the following conclusion holds.
Similarly, there exists a subset
Let E 2 be a minimal one of such sets and thus |E 2 | ≤ |B| + |C|.
By the definition of f ′ and Claim 4, we have
By Claims 5 and 6, γ ′ s (G) ≤ n + |A| + |B| − g(w)/2 = n + |U 1 | − g(w)/2 holds. By Claim 2,
In this section, the following the exact value of γ ′ s (K m,n ) will be used. (i). If m and n are even, then γ ′ s (K m,n ) = min{2m, n}.
(ii). If m and n are odd, then γ ′ s (K m,n ) = min{2m − 1, n}.
(iii). If m is even and n is odd, then γ ′ s (K m,n ) = min{3m, max{2m, n + 1}}.
(iv). If m is odd and n is even, then γ ′ s (K m,n ) = min{3m − 1, max{2m, n}}.
In the proof of part (b) of Theorem 1, we need parts (i) and (iii) of Theorem 3. In these two cases, actually Akbari et al. proved that there exists f ∈ F 0 sed (G) such that f (K m,n ) = γ ′ s (K m,n ). Now we are ready to prove the part (b) of Theorem 1.
Proof. It is sufficient to prove for the case that G is connected. It can be verified easily that the result holds whenever n ≤ 3. Now assume that n ≥ 4 and the result holds for any graph of order less than n − 1. By Lemma 2, we only need to prove the result for 2-connected graphs. Let v even (G) = t ≥ 1. Let W = {w 1 , w 2 , . . . w t } be the set of all even vertices.
Case 1.1. n − t − 2s ≥ 2, i.e., G ′ is not an Eulerian graph.
In this case, G ′ can be decomposed into (n − t − 2s)/2 trails T 1 , . . . , T (n−t−2s)/2 , and the ends of these (n − t − 2s)/2 trails cover all odd vertices of G ′ . Now we define a function f 1 : E(G) → {1, −1} by the following steps:
(i). For each T i , 1 ≤ i ≤ (n − t − 2s)/2, we assign +1 and −1 to the edges of T i alternatively starting with +1. When the trail has even number of edges, we change the value of the last edge to +1.
(ii). For each edge
(iii). For any w i , 2 ≤ w i ≤ t, if the weight of w i till now is 0, then choose any negative edge incident to w i and change it to a positive one.
Then we have f 1 (G) ≤ 2 · n−t−2s 2 + 2s + 2(t − 1) = n − 2 + t = n − 2 + v even (G).
After step (i), the weight of vertices in V (G) − W − N G (w 1 ) is at least 1, and the weight of vertices in (W − {w 1 }) ∪ N G (w 1 ) is 0 or at least 2.
After step (ii), f (w) is 2s; the weight of vertices in N G (w 1 ) has been added by 1, and others remain unchanged.
After step (iii), all the vertices in W − {w 1 } receive weight at least 2.
Hence f 1 ∈ F 0 sed (G), and γ ′ s (G) ≤ f 1 (G) ≤ n − 2 + v even (G).
Case 1.2. n − t − 2s = 0, i.e., G ′ is an Eulerian graph, and 2s ≥ 4.
G ′ is an Eulerian graph, so G ′ has an Eulerian circuit. Now we define a function f 2 :
(i). For a fixed Eulerian circuit of G ′ , starting from the vertex u 1 , walking along the Eulerian circuit, we assign +1 and −1 alternatively starting with +1.
(iii). For any w i , 2 ≤ w i ≤ t, choose any negative edge incident to w i and change it to a positive one.
After step (i), if G ′ has even number of edges, then each vertex in G ′ has weight 0; if G ′ has odd number of edges, then f 2 (u 1 ) = 2, and all other vertices receive weight 0.
After step (ii), all vertices in N G (w 1 ) have weight 1, and f 2 (w 1 ) ≥ 2s − 2 ≥ 2, and all vertices in W − {w 1 } have weight 0.
After step (iii), all vertices in W − {w 1 } have weight 2, and others remain the same.
Hence f 2 ∈ F 0 sed (G) and γ ′ s (G) ≤ f 2 (G) ≤ 2s + 2(t − 1) = n − 2 + t = n − 2 + v even (G) (note that in this case n − t − 2s = 0). In this case, if n is odd, G = K 2,n−2 . Then there exists f ∈ F 0
If n is even, G = K 2,n−2 + u 1 u 2 . There exists f ∈ F 0 sed (K 2,n−2 ) such that f (K 2,n−2 ) = γ ′ s (K 2,n−2 ) = min{4, n − 2} when n ≥ 4. Based on f , we assign +1 to u 1 u 2 and obtain f 4 ∈ F 0 sed (G) such that f 4 (G) = γ ′ s (K 2,n−2 ) + 1 = min{4, n − 2} + 1 when n ≥ 4. For the case n = 4, note that G = K 4 − e, and it is easy to find an f 4 ∈ F 0 sed (G) such that f 4 (G) = 3 < 4 = n − 2 + v even (G). Hence there exists f 4 ∈ F 0 sed (G) such that
Therefore γ ′ s (G) ≤ f 4 (G) ≤ n − 2 + v even (G) holds.
Claim 2:
If W is not an independent set, then there is an f ∈ F 0 sed (G) such that f (G) ≤ n − 2 + v even (G).
In this case, we find a maximal matching M in G[W ]. Suppose that |M | = p. Consider G ′′ = G − M . G ′′ is a graph with n vertices and v even (G ′ ) = t − 2p.
Since M is maximal in G[W ], the t − 2p even vertices in G ′′ form an independent set. By Claim 1, there is an
. Based on f 5 , we add M to G ′′ and let each edge in M be a positive edge. Then we obtain f ′ In this subcase, v odd (G ′′ ) = n. In [8] , Karami et al. proved that for a graph G with n vertices in which each vertex has odd degree, then there exists an f ∈ F 0
Based on f 6 , we add M to G ′′ and let each edge in M be a positive edge. Then we obtain f ′
Thus, Claim 2 holds and the proof is complete. ✷ Theorem 1 follows directly from Propositions 1 and 2. Proposition 2 also implies Conjecture 1 holds for the case v even (G) = 1.
5
Prove Conjecture 1 for v even (G) = 2
Theorem 4 For any simple graph G of order n, if v even (G) = 2, then there is an f
Proof. It can be verified easily that the result holds whenever n ≤ 3. Now assume that n ≥ 4 and the result holds for any graph of order less than n − 1. By Lemmas 2 and 3, we may assume that G is 2-connected with δ(G) ≥ 3.
Let w 1 , w 2 be the two vertices with even degree. Let
We divide this case into two subcases: whether w 1 and w 2 have common neighbours or not, i.e., k 2 = 0 or k 2 ≥ 1.
. . , T (k 3 +k 4 )/2 }, and the ends of these (k 3 + k 4 )/2 trails cover all odd vertices of G ′ .
If T i has odd length, we assign +1 and −1 to the edges of T i alternatively starting and ending with +1. This weight assignment in an odd trail is called a proper assignment.
When T i has even length t, there are exactly t 2 vertices on T i , each of which can naturally divide T i into two subtrails with odd length. We call these t 2 vertices good. For each T i with even length, choose a good vertex u i of T i . We can assign +1 and −1 alternatively to edges in the two subtrails of T i divided by u i such that both starting and ending edges in each subtrail are assigned +1. This weight assignment of edges in an even trail T i is called a proper assignment with respect to u i .
Claim 1:
The result holds when there is at least one trail with odd length in T 1 .
Assume that there is at least one trail with odd length in T 1 . For each T i ∈ T 1 with even length, let u i be a good vertex of T i . We define a function f 1 : E(G) → {1, −1} as follows: each odd trial T i ∈ T 1 is equipped with a proper assignment, and each even trail T i ∈ T 1 is equipped with a proper assignment with respect to u i . Then we assign +1 to each edge incident with w 1 . If the weight of w 2 till now is 0, we choose any negative edge incident to w 2 and change it to a positive one.
Now we have f 1 (w 1 ) = d(w 1 ) ≥ 4, f 1 (w 2 ) ≥ 2, and f 1 (u) ≥ 1 for each u ∈ V (G)−{w 1 , w 2 }. So f 1 ∈ F 0 sed (G) and hence γ ′ s (G) ≤ f 1 (G) ≤ 1 + 2( k 3 +k 4 2 − 1) + k 1 + k 2 + 2 = n − 1. Thus Claim 1 holds.
Claim 2:
If T i has even length for all T i ∈ T 1 , then either w 2 or some vertex x ∈ X 2 is a good vertex of some trail T j ∈ T 1 .
Assume that all trails in T 1 have even length. Then, some edge w 2 x, where x ∈ X 2 , must be in some T j ∈ T 1 . Obviously, either w 2 or x is a good vertex in T j . Thus Claim 2 holds. Assume that all trails in T 1 have even length. By Claim 2, either w 2 or some vertex x ∈ X 2 is a good vertex of some trail T j ∈ T 1 . Say j = 1. Let u 1 be w 2 or x which is a good vertex of T 1 . For each even trail T i , i ≥ 2, choose any good vertex u i for T i .
We define a function f 2 : E(G) → {1, −1} as follows: each odd trial T i ∈ T 1 is equipped with a proper assignment, and each even trail T i ∈ T 1 is equipped with a proper assignment with respect to u i . Then we assign +1 to each edge incident with w 1 . If u 1 = w 2 and the weight of w 2 till now is 0, we choose any negative edge incident to w 2 and change it to a positive one.
As G is 2-connected and d(w i ) ≥ 4 for both i = 1, 2, the following claim can be verified easily.
Claim 4: There exist edges e 1 , e 2 incident with w 1 and e 3 , e 4 incident with w 2 such that G − {e 1 , e 2 , e 3 , e 4 } is connected. As d(w i ) ≥ 4 for both i = 1, 2 and N (w 1 ) ∩ N (w 2 ) = ∅, n ≥ 2 + 4 × 2 = 10. Let G ′ denote the graph G − {e 1 , e 2 , e 3 , e 4 }. Observe that v odd (G ′ ) = v odd (G) − 4 = n − 6 > 0. Thus E(G ′ ) can be decomposed into (n − 6)/2 trails, say T 1 , T 2 , · · · , T t , where t = (n − 6)/2. We now defined a function f 4 : E(G) → {1, −1} by the following steps:
• f 4 (e i ) = 1 for i = 1, 2, 3, 4;
• each odd trial T i is equipped with a proper assignment and each even trail T i is equipped with a proper assignment with respect to some good vertex.
Observe that f 4 (w i ) ≥ 2 for i = 1, 2 and f 4 (u) ≥ 1 for all u ∈ V (G) − {w 1 , w 2 }. Thus f 4 ∈ F 0 sed (G). Also note that f 4 (G) ≤ 2t + 4 = 2(n − 6)/2 + 4 = n − 2. So the result holds in this case.
We divide this case into two subcases: whether w 1 and w 2 have common neighbours or not.
. . , T (k 3 +k 4 +1)/2 }, and the ends of these (k 3 + k 4 + 1)/2 trails cover all odd vertices of G ′ . Case 2.1 is now divided into two cases. Case 2.1.1. Some trail in T 3 has an odd length.
We define a function g 1 : E(G) → {1, −1} as follows: each trail T i ∈ T 3 with an odd length is equipped with a proper assignment and each trail T i ∈ T 3 with an even length is equipped with a proper assignment with respect to some good vertex of T i . Then we assign +1 to each edge incident with w 1 .
Case 2.1.2. All trails in T 3 have even length.
We choose any x ∈ X 2 and suppose w 2 x is an edge in T 1 . Then, either w 2 or x is good in T 1 . Let u 1 = w 2 if w 2 is good in T 1 , and u 1 = x otherwise. For any i = 2, 3, · · · , (k 3 +k 4 +1)/2, let u i be any good vertex of T i .
We define a function g 2 : E(G) → {1, −1} as follows: we first equip each T i with a proper assignment with respect to u i and then assign −1 to w 1 u 1 and assign +1 to any other edge incident with w 1 .
If u 1 = w 1 , then g 2 (w 1 ) = d(w 1 ) − 2 ≥ 2, g 2 (w 2 ) ≥ 1, and g 2 (u)
Claim 5: There exists edges e i = w i x i , where x 1 ∈ X 1 and x 2 ∈ X 3 such that G − {e 0 , e 1 , e 2 } is connected, where e 0 = w 1 w 2 .
As d(w i ) ≥ 4 for both i = 1, 2 and N (w 1 ) ∩ N (w 2 ) = ∅, n ≥ 2 + 3 × 2 = 8. Let G ′ denote the graph G − {e 0 , e 1 , e 2 }. Observe that v odd (G ′ ) = v odd (G) − 2 = n − 4 > 0. Thus E(G ′ ) can be decomposed into (n − 4)/2 trails, say T 1 , T 2 , · · · , T t , where t = (n − 4)/2. We now w 1 · · · w 2 · · · e 1 e 2 e 0 Figure 5 : G − {e 0 , e 1 , e 2 } is connected define a function g 3 : E(G) → {1, −1} by the following steps:
• g 3 (e i ) = 1 for i = 0, 1, 2;
Observe that g 3 (w i ) ≥ 2 for i = 1, 2 and g 3 (u) ≥ 1 for all u ∈ V (G) − {w 1 , w 2 }. Thus g 3 ∈ F 0 sed (G). Also note that g 3 (G) ≤ 2t + 3 = 2(n − 4)/2 + 3 = n − 1. So the result holds in this case.
The proof is complete. ✷
Concluding remarks
Karami et al. [8] proved Conjecture 1 for the two cases v odd (G) = 0 or n by showing the existence of f ∈ F 0 sed (G) with f (G) ≤ n − 1. In the proof of Proposition 1, Proposition 2 and Theorem 4 in this article, all members in F sed (G) defined also belong to F 0 sed (G). We believe Conjecture 1 can be strengthened to the following one. Then Karami et al. [9] characterized all simple connected graphs G for which γ ′ s (G) = n − m. These graphs all have many vertices of degree 1. If we restrict graphs to have higher connectivity or larger minimum degree, a better lower bound can be expected. So we raise the following conjecture.
Conjecture 3 Let G be a 2-connected graph with n vertices and m edges, and without two adjacent degree 2 vertices. Then γ ′ s (G) ≥ 2n − m.
If the conjecture above is correct, then the lower bound is also sharp. For example, γ ′ s (K 4 − e) = 3 = 2n − m. The graph shown in Figure 6 is another example (edges without a sign in the figure receive sign +1). 
